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Abstract
Statistical analysis of a graph often starts with embedding, the process of representing its
nodes as points in space. How to choose the embedding dimension is a nuanced decision in
practice, but in theory a notion of true dimension is often available. In spectral embedding, this
dimension may be very high. However, this paper shows that existing random graph models,
including graphon and other latent position models, predict the data should live near a much
lower dimensional set. One may therefore circumvent the curse of dimensionality by employing
methods which exploit hidden manifold structure.
1 Introduction
The hypothesis that high-dimensional data tend to live near a manifold of low dimension is
an important theme of modern statistics and machine-learning, often held to explain why high-
dimensional learning is realistically possible [58, 5, 14, 12, 18, 40]. The object of this paper is to
describe such a phenomenon, and its likely source, in the context where the data are derived from
spectral embedding a graph.
Manifold structure is shown to arise when the graph follows a latent position model [25], wherein
connections are posited to occur as a function of the nodes’ underlying positions in space. Because of
their intuitive appeal, such models have been employed in a great diversity of disciplines, including
social science [31, 38, 21], neuroscience [16, 47], statistical mechanics [30], information technology
[66], biology [48] and ecology [19]. In many more endeavours, latent position models are used — at
least according to Definition 1 — but are known by a different name; examples include the standard
[26], mixed [1] and degree-corrected [28] stochastic block models, random geometric graphs [45],
and the graphon model [35].
Spectral embedding obtains a vector representation of each node by eigencomposition of the
adjacency or normalised Laplacian matrix of the graph, and it is not obvious that a meaningful
connection to the latent positions of a given model should exist. One contribution of this article
is to make the link clear, although technically all this amounts to is extending Lei’s work [33] on
the graphon to d dimensions and leveraging existing estimation theory on the generalised random
dot product graph [50]. The notion of a true spectral embedding dimension D emerges, and it is
potentially much greater than the latent space dimensionality d. In many cases, D is nevertheless
finite. The practical estimation of D is a nuanced issue with much existing discussion — see [47]
for a pragmatic take — to which the present paper only adds that this notion of dimension may
not have the intrinsic meaning sought.
The main contribution of this article is to demonstrate that, though high-dimensional, the data
live close to a low-dimensional structure — a distortion of latent space — of dimension governed
by the curvature of the latent position model kernel along its diagonal. Though it is sometimes
precisely d, it would be a significant misunderstanding to believe that graphon models produced
only one-dimensional structure in general. Instead, common Hölder α-smoothness assumptions on
the graphon [63, 22, 33] limit the maximum possible manifold dimension to 2/α.
By ‘close’, a strong form of consistency is meant [11], in which the largest positional error
vanishes as the graph grows, so that subsequent statistical analysis, such as manifold estimation,
benefits doubly from data of higher quality (proximity to manifold) and quantity.
The presence of manifold structure in spectral embeddings has been proposed in several earlier
papers, including [46, 4, 60], and the notions of model complexity versus dimension have also
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previously been disentangled [47, 65, 44]. That low-dimensional manifold structure arises, quite
generally, under a latent position model, is to the best of our knowledge first demonstrated here.
The remainder of this article is structured as follows. Section 2 defines spectral embedding
and the latent position model, and provides a simulated example of this paper’s main thesis on
their connection. In Section 3, a map sending each latent position to a high-dimensional vector is
defined, leading to the main theorem on latent dimension expansion. The sense in which spectral
embedding provides estimates of these high-dimensional vectors is discussed Section 4. Finally,
Section 5 gives examples of applications including regression, manifold estimation and visualisation.
All proofs, as well as auxiliary results, discussion and figures, are relegated to the Appendix.
2 Definitions and a pilot example
Definition 1 (Latent position model). Let f : Z × Z → [0, 1] be a symmetric function, where
Z ⊆ Rd. An undirected graph on n nodes is said to follow a latent position network model if its
adjacency matrix satisfies
Aij | Z1, . . . , Zn ind∼ Bernoulli {f(Zi, Zj)} , for i < j,
where Z1, . . . , Zn are independent and identically distributed replicates of a random vector Z with
distribution FZ supported on Z. If Z = [0, 1] and FZ = uniform[0, 1], the function f is known as a
graphon.
Definition 2 (Adjacency and Laplacian spectral embedding). Given an undirected graph with
adjacency matrix A and an embedding dimension Dˆ > 0, consider the spectral decomposition A =
UˆSˆUˆ> + Uˆ⊥Sˆ⊥Uˆ>⊥, where Sˆ is the Dˆ× Dˆ diagonal matrix containing the Dˆ largest-by-magnitude
eigenvalues of A on its diagonal, and the columns of Uˆ are corresponding orthonormal eigenvectors.
Define the adjacency spectral embedding of the graph by Xˆ = [Xˆ1| . . . |Xˆn]> := Uˆ|Sˆ|1/2 ∈ Rn×Dˆ.
Define its Laplacian spectral embedding by X˘ = [X˘1| . . . |X˘n]> := U˘|S˘|1/2 where U˘, S˘ are instead
obtained from the spectral decomposition of L := D−1/2AD−1/2 and D is the diagonal degree
matrix.
Figure 1 shows point clouds obtained by adjacency spectral embedding graphs from three
latent position network models on R (with n = 5000, Dˆ = 3). The first was generated using the
kernel f(x, y) = exp(−2xy), studied by [2, 42, 7, 62, 13], and latent positions Zi i.i.d.∼ Gamma(1, 1),
truncated to a bounded set, suggested to represent node “sociability” [13]. The second corresponds
to a graphon model with kernel chosen to induce filamentary latent structure with a branching point.
In the third, a graphon based on the Gaussian radial basis kernel exp
{−‖x− y‖2◦/(2σ2)} is used,
where ‖x− y‖◦ = min{|x− y|, 1− |x− y|}. By application of the results of the next section, the
true dimension D is in all cases infinite and Assumptions 1–3 are satisfied with α = 1. Theorem 3
predicts that the points should live close to a one-dimensional structure, shown in blue lines.
3 Spectral representation of latent position network models
In this section, a map φ : Rd → L2(Rd) is defined that transforms the latent position Zi into a
vector Xi := φ(Zi). The latter is shown to live on a low-dimensional subset of L2(Rd), informally
called a manifold, which is sometimes but by no means always of dimension d. As suggested by
the notation and demonstrated in the next section, the point Xˆi, obtained by spectral embedding,
provides a consistent estimate of Xi and lives near (but not on) the manifold.
Assume that f ∈ L2(Rd × Rd), if necessary extending f to be zero outside its original domain
Z, though a strictly stronger (trace-class) assumption is to come. Define an operator A on L2(Rd)
through
Ag(x) =
∫
Rd
f(x, y)g(y)dy, g ∈ L2(Rd).
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Figure 1: Spectral embedding of graphs simulated from three different latent network position
models on R. While the true dimension is infinite (and only the first three coordinates are shown),
the theory predicts the data should live close to a one-dimensional structure, informally called a
manifold (and evidently not strictly one in example b), shown in blue lines. Further details in main
text.
Since
∫
Rd
∫
Rd |f(x, y)|2dx dy <∞, the function f is a Hilbert-Schmidt kernel and the operator A is
compact. The said ‘true’ spectral embedding dimension D is the rank of A, that is, the potentially
infinite dimension of its range, but this plays a role only in the next section.
From the symmetry of f , the operator A is also self-adjoint and therefore there exists a
possibly infinite sequence of non-zero eigenvalues λ1 ≥ λ2 ≥ . . . with corresponding orthonormal
eigenfunctions u1, u2, . . . ∈ L2(Rd) such that
Auj = λjuj .
Moreover, (uj) and (λj) can be extended, by the potential addition of further orthonormal functions,
which give an orthonormal basis for the null space of A and are assigned the eigenvalue zero, so
that (uj) provides a complete orthonormal basis of L2(Rd) and, for any g ∈ L2(Rd),
g =
∑
j
〈g, uj〉uj and Ag =
∑
j
λj〈g, uj〉uj .
The notions employed above are mainstream in functional analysis, see e.g. [15], and were used to
analyse graphons in [27, 7, 35, 64, 33].
Define the operator |A|1/2 through the spectral decomposition of A via [32, p.320]
|A|1/2g =
∑
j
|λj |1/2〈g, uj〉uj .
Assumption 1. A is trace-class [32, p.330], that is,
tr(A) =
∑
j
|λj | <∞.
This assumption, common in operator theory, was employed by [33] to draw the connection
between graphon estimation and spectral embedding. Under Assumption 1, the operator |A|1/2 is
Hilbert-Schmidt, having bounded Hilbert-Schmidt norm
‖A1/2‖2HS = tr(A),
and representing |A|1/2 as an integral operator
|A|1/2g(x) =
∫
Rd
k(x, y)g(y)dy,
3
the kernel k(x, y) :=
∑
j |λj |1/2uj(x)uj(y) is an element of L2(Rd × Rd), using the identity
‖A1/2‖2HS =
∫
Rd
∫
Rd
|k(x, y)|2dy dx.
By explicitly partitioning the image of the outer integrand (as is implicitly done in a Lebesgue
integral), the Lebesgue measure of intervals of x where
∫
Rd |k(x, y)|2dy =∞ is determined to be
zero, and therefore k(x, ·) ∈ L2(Rd) almost everywhere in Rd.
Note that k(x, ·) has coordinates (|λj |1/2uj(x)) with respect to the basis (uj). Moreover, under
the indefinite inner product
[g, h] :=
∑
j
sgn(λj)〈g, uj〉〈h, uj〉, g, h ∈ L2(Rd),
we have ∫
Rd
[k(x, ·), k(y, ·)]g(y)dy =
∫
Rd
∑
j
λjuj(x)uj(y)g(y)dy
=
∑
j
λj〈g, uj〉uj(x)
= Ag(x),
and therefore [k(x, ·), k(y, ·)] = f(x, y) almost everywhere, that is, with respect to Lebesgue measure
on Rd × Rd.
The map φ : x 7→ k(x, ·), whose precise domain is discussed in the proof of Theorem 3, transforms
each latent position Zi to a vector Xi := φ(Zi). (That Xˆi provides an estimate of Xi will be
discussed in the next section.) It is now demonstrated that Xi lives on a low-dimensional manifold
in L2(Rd).
The operator A admits a unique decomposition into positive and negative parts satisfying [15,
p. 213]
A = A+ −A−, A+A− = 0, 〈A+g, g〉 ≥ 0, 〈A−g, g〉 ≥ 0, for all g ∈ L2(Rd).
These parts are, more explicitly, the integral operators associated with the symmetric kernels
f+(x, y) :=
∑
j
max(λj , 0)uj(x)uj(y), f−(x, y) :=
∑
j
max(−λj , 0)uj(x)uj(y),
so that f = f+ − f− in L2(Rd × Rd).
Assumption 2. There exist constants c > 0 and α ∈ (0, 1] such that for all x, y ∈ Z,
∆2f+(x, y) ≤ c‖x− y‖2α2 ; ∆2f−(x, y) ≤ c‖x− y‖2α2 ,
where ∆2f·(x, y) := f·(x, x) + f·(y, y)− 2f·(x, y).
This should not be confused with a Hölder continuity assumption, as is common with graphons,
which would seek to bound |f(x, y) − f(x′, y′)| [22]. Nevertheless, such an assumption can be
exploited to obtain some α ≤ 1/2, as discussed in Example 2.
Assumption 3. The distribution of Z is absolutely continuous with respect to d-dimensional
Lebesgue measure.
The vectors X1 = k(Z1, ·), . . . , Xn = k(Zn, ·) will be shown to live on a set of low Hausdorff
dimension. The a-dimensional Hausdorff content [6] of a setM is
H a(M) = inf
{∑
i
|Si|a :M⊆
⋃
i
Si
}
,
where Si are arbitrary sets, |S| denotes the diameter of S, here to be either in the Euclidean or L2
norm, as the situation demands. The Hausdorff dimension ofM is
dim(M) = inf {a :H a(M) = 0} .
4
Theorem 3. Under Assumptions 1–3, there is a set M ⊂ L2(Rd) of Hausdorff dimension d/α
which contains k(Z, ·) with probability one.
Example 1 (Gaussian radial basis function). For arbitrary finite d, consider the kernel
f(x, y) = exp
(
−‖x− y‖
2
2
2σ2
)
, x, y ∈ Z ⊆ Rd,
known as the Gaussian radial basis function.
Since f is positive-definite, the trace formula [9]
tr(A) =
∫
x
f(x, x)dx
shows it is trace-class if and only if Z is bounded. Assume FZ is absolutely continuous on Z.
Since 1− exp(a2) ≤ a2 for a ∈ R, it follows that
f(x, x)− f(x, y) ≤ 1
2σ2
‖x− y‖22,
and since f+ = f, f− = 0 (because f is positive-definite)
∆2f+ ≤ 1
σ2
‖x− y‖22; ∆2f− = 0,
satisfying Assumption 2 with α = 1.
The implication of Theorem 3 is that the vectors X1, . . . , Xn (respectively, their spectral estimates
Xˆ1, . . . , Xˆn) live on (respectively, near) a set of dimension d.
Example 2 (Smooth graphon). If a graphon f is Hölder continuous for some β ∈ (1/2, 1], that is,
|f(x, y)− f(x, y′)| ≤ c|y − y′|β
for some c > 0, then it is trace-class [33], [32, p.347].
If, additionally, it is positive-definite, it can be shown that Assumption 2 holds with α = 1 if
the second derivatives of f exist and are bounded in a neighbourhood of {(x, x) : x ∈ [0, 1]}. Then
the implication of Theorem 3 is that the vectors X1, . . . , Xn (respectively, their spectral estimates
Xˆ1, . . . , Xˆn) live on (respectively, near) a set of dimension one. In visual terms, they may cluster
about a curve or filamentary structure (see Figure 1b).
On the other hand, if f is only Hölder continuous (β ∈ (1/2, 1]) and positive-definite, Assump-
tions 1–3 hold still, with α = β/2. In this case, the supporting manifold has dimension not exceeding
2/β, and is at most two-dimensional if f is Lipschitz (β = 1).
4 Consistency of spectral embedding
The sense in which the spectral embeddings Xˆi, X˘i provide estimates of Xi = k(Zi, ·) is now
discussed. To give strong guarantees on concentration about the manifold requires the assumption
that f ∈ L2(Rd×Rd) has finite rank, that is, the sequence of non-zero eigenvalues of the associated
integral operator A has length D <∞. Limitations of existing infinite rank results are discussed in
the Appendix. Random graph models where the finite rank assumption holds include:
1. all standard [26], mixed [1] and degree-corrected [28] stochastic block models — proofs of
which can be found in [49, 56, 34, 51, 50, 33];
2. all latent position models with polynomial kernel of finite degree, including models with linear
and bilinear effects [24] (Lemma 4, Appendix);
3. under sparsity assumptions, latent position models with analytic kernel (Lemma 5, Appendix).
5
Considering the second item from a Taylor approximation viewpoint, the assumption may be seen
to hold approximately for many more.
The coordinates of Xi with respect to the basis (uj) will be truncated to the first D, since the
remaining are zero, after which the latent position model of Definition 1 becomes:
Aij | X1, . . . , Xn ind∼ Bernoulli
{
X>i Ip,qXj
}
, for i < j,
where Ip,q is the diagonal matrix consisting of p +1’s (for as many positive eigenvalues) followed
by q −1’s (for as many negative) and p+ q = D. The model of a generalised random dot product
graph [50] is recognised, from which a strong form of consistency is established [50, Theorems 5,6]:
max
i∈[n]
‖QXˆi −Xi‖2 = OP
(
(logn)c
n1/2
)
, max
i∈[n]
∥∥∥∥∥∥∥Q˜X˘i −
Xi[
Xi,
∑
j Xj
]1/2
∥∥∥∥∥∥∥
2
= OP
(
(logn)c
nρ
1/2
n
)
,
where c > 0 and Q, Q˜ are random unidentifiable matrices belonging to the indefinite orthogonal
group O(p, q) = {M ∈ RD×D : MIp,qM> = Ip,q}, and ρn is the graph sparsity factor. Moreover,
Q−1 has almost surely bounded spectral norm [55], from which the consistency of many subsequent
statistical analyses can be demonstrated. To give a generic argument, assume the method under
consideration returns a set, such as a manifold estimate, and can therefore be viewed as a function
S : Rn×D → P(RD). If S is Lipschitz continuous, that is,
dH{S(X), S(Y)} ≤ cmax
i∈[n]
‖Xi − Yi‖2,
where c > 0 and dH denotes Hausdorff distance, then
dH{S(Xˆ),Q−1S(X)} ≤ c ‖Q−1‖max
i∈[n]
‖QXˆi −Xi‖2 → 0,
with high probability. One must live with never knowing Q and fortunately many inferential
questions are unaffected by a joint linear transformation of the data, some examples given in [50].
A refinement of this argument was used to prove consistency of the kernel density estimate and
its persistence diagram in [55], and more have utilised the simpler version with Q ∈ O(D), under
positive-definite assumptions [36, 51, 4, 60].
5 Applications
5.1 Graph regression
Given measurements Y1, ..., Ym ∈ R for a subset {1, . . . ,m} of the nodes, a common problem is to
predict Yi for i > m. After spectral embedding, each Xˆi can be treated as a vector of covariates —
a feature vector — but by the afore-going discussion their dimension D (or any sensible estimate
thereof [67]) may be large, giving a potentially false impression of complexity.
Consider a linear regression model Yi = a + bZi + i where, rather than Zi directly, a graph
posited to have latent positions Zi ∈ R is observed, with unknown model kernel. Under assumptions
set out in this paper, the spectral embedding should concentrate about a one-dimensional structure,
and the performance of a nonlinear regression technique that exploits hidden manifold structure
may come close to that of the ideal prediction based on Zi.
For experimental parameters a = 5, b = 2,  ∼ normal(0, 1), the kernel f(x, y) = exp(−2xy)
(seen earlier), Dˆ = 100 and n = 5000, split into 3,000 training and 2,000 test examples, the
out-of-sample mean square error (MSE) of four methods are compared: a feedforward neural
network (using default R keras configuration with obvious adjustments for input dimension and loss
function; MSE 1.25); the random forest [8] (default configuration of the R package randomForest;
MSE 1.11); the Lasso [59] (default R glmnet configuration; MSE 1.58); and least-squares (MSE
1.63). In support of the claim, the random forest and the neural network reach out-of-sample MSE
closest to the ideal rate of 1. A graphical comparison is shown in Figure 4 (Appendix).
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Figure 2: Disjoint principal component analysis (first two components) of the spectrally embedded
graph connecting roughly 16,000 users, 10,000 computers and 4,000 processes on the Los Alamos
National Laboratory computer network, independently obtained over seven consecutive days. Apart
from (expected) differences in orientation (e.g. a reflection of the axes), the point cloud morphology
is relatively stable over weekdays (particularly for users), with distinctive changes on the weekend.
5.2 Manifold estimation
Obtaining a manifold estimate has several potential uses, including gaining insight into the dimension
and kernel of the latent position model. A brief experiment exploring the performance of a provably
consistent manifold estimation technique is now described. Figure 6 (Appendix) shows the one-
dimensional kernel density ridge [43, 23] of the three point clouds studied earlier (Section 2,
Figure 1), obtained using the R package ks in default configuration. The quality of this (and
any) manifold estimate depends on the degree of off-manifold noise, for which asymptotic control
has been discussed, and manifold structure, where much less is known under spectral embedding.
The estimate is appreciably worse in the second case although, in its favour, it correctly detects a
branching point which is hard to distinguish by eye.
5.3 Visualisation A: Exploiting known manifold structure
In several applications, including testing a null hypothesis with specified kernel, the manifold is
fully known. In others, partial knowledge of its structure can be exploited, as now described.
A latent position model is k-partite if there is a partition Z = ∪kj=1Zj such that f(x, y) = 0
for all x, y ∈ Zj . Under the map φ a latent position Zi is transformed to a vector Xi ∈ L2(Rd)
which, by satisfying [Xi, Xi] = 0, belongs to the (non-linear) isotropic subspaceM associated with
this bilinear form. (For a familiar example, this subspace is the light-cone encountered in special
relativity if f has rank 3, with p = 1 and q = 2.) On the other hand, the images φ(Zj) are totally
isotropic [53], and belong to disjoint linear subspaces ofM. These subspaces can be approximated
using principal component analysis if the partition membership of Zi is known.
This occurs in practice when the graph under consideration connects objects of different type,
e.g., consumers and products, and a computer network example is shown in Figure 2. The
embeddings correspond to daily graphs giving the three-way connections between users, computers
and processes, extracted from Los Alamos National Laboratory’s publically available dataset [61]
over seven consecutive days. The partition-specific embeddings, obtained by piecewise principal
component analysis, more effectively convey latent structure than the global principal components
7
a) b) c)
Figure 3: Non-linear dimension reduction of spectral embeddings. a) Graph of computer-to-
computer network flow events on the Los Alamos National Laboratory network, from the publically
available dataset [29], with colours indicating port preference; b) graph of computer-to-computer
authentication events on the same network, with colours indicating authentication type; c) graph of
consumer-restaurant ratings, showing only the restaurants, extracted from the publically available
Yelp dataset, with colours indicating US state. In each case, the graph is embedded into R10,
followed by applying t-distributed stochastic neighbour embedding [37].
which, for being so visually unappealing, are displayed only in the Appendix (Figure 5).
5.4 Visualisation B: non-linear dimensional reduction
From an exploratory data analysis perspective, the theory presented helps make sense of spectral
embedding followed by non-linear dimension reduction, an approach that seems to generate
informative visualisations of moderate-size graphs at low programming and computational cost.
This is illustrated in three real data examples, detailed in Figure 3. In each case, the graph is
embedded into R10, followed by applying t-distributed stochastic neighbour embedding [37]. Other
methods such as Uniform manifold approximation [39] were tested with comparable results. In
the first example, the full graph of connections between computers on the Los Alamos National
Laboratory network, with roughly 12 thousand nodes and one hundred thousand edges, is curated
from the publically available release [29]. The colours in the plot indicate the node’s most commonly
used port (e.g. 80=web, 25=email), reflecting its typical communication behaviour (experiment
reproduced from [50]). The second example concerns the full graph of authentications between
computers on the same network (a different dataset from the same release), with roughly 18,000
nodes and 400,000 edges, colours now indicating authentication type. In the third example a graph
of user-restaurant ratings is curated from the publically available Yelp dataset, with over a million
users, 170,000 restaurants and 5 million edges, where an edge (i, j) exists if user i rated restaurant
j. The plot shows the embedding of restaurants, coloured by US state. It should be noted that
in every case the colours are independent of the embedding process, and thus loosely validate
geometric features observed.
6 Conclusion
In support of earlier suggestions that manifolds may lie inside spectral embeddings [46, 4, 60] this
paper finds that, under a latent position model, this is nearly always true. One of the most basic
questions to ask about a graph is whether it follows a low-dimensional latent position model, and
this will be achieved by testing a manifold hypothesis [18], that targets d, rather than the common
low-rank hypothesis [54], targetting D.
Manifold estimation methods are avowedly expensive, requiring exponential sample sizes in
either the intrinsic [17] or ambient [23] dimensions. It is hoped that the graph analysis context can
simplify the problem by providing prior knowledge on the manifold’s structure and off-manifold
noise.
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Appendix
Proof of Theorem 3. We have∫
Rd
〈k(x, ·), k(y, ·)〉g(y)dy =
∫
Rd
∑
j
|λj |uj(x)uj(y)g(y)dy = |A|g(y)
=
∫
Rd
[f+(x, y) + f−(x, y)]g(y)dy,
and therefore
〈k(x, ·), k(y, ·)〉 = f+(x, y) + f−(x, y) (1)
almost everywhere. Explicitly, there exists N ⊂ Rd ×Rd with Lebesgue measure zero such that the
two are equal in Rd ×Rd \N . The set N0 = {x ∈ Rd : (x, y) ∈ N or (y, x) ∈ N} has d-dimensional
Lebesgue measure 0 and, by absolute continuity of Z, the set Z := Z \N0 has Hausdorff dimension
d, satisfies P(Z ∈ Z) = 1, and Equation (1) holds for all x, y ∈ Z.
LetM be the image of Z under the map φ, which in general maps any x ∈ Rd := Rd \N0 to
an element of L2(Rd). Any cover Z ⊆ ∪iRi with sets in Rd gives a coverM⊆ ∪iSi with sets in
L2(Rd), where each Si is the image of Ri under φ. Note that the Hausdorff dimension of Z is not
increased when considering only such covers.
We have
‖k(x, ·)− k(y, ·)‖22 = 〈k(x, ·), k(x, ·)〉+ 〈k(y, ·), k(y, ·)〉 − 2〈k(x, ·), k(y, ·)〉
= ∆2f+(x, y) + ∆
2f−(x, y)
≤ c‖x− y‖2α2 ,
and therefore |Si| ≤ c1/2|Ri|α for each i. Hence, H a(M) ≤ ca/2H aα(Z) and dim(M) ≤ d/α.
Lemma 4. Consider a polynomial kernel over a bounded region Z ⊂ Rd,
f(x, y) =
∑
|α|+|β|<k
c(α, β)xαyβ , x, y ∈ Z,
where c(α, β) = c(β, α) ∈ R, and multi-index notation is used [20], that is, xα := ∏xαi , |α| := ∑αi,
for α ∈ Rd, αi ≥ 0. The associated integral operator has finite rank.
Proof. Since
Ag(x) =
∑
|α|<k
xα
∑
|α|+|β|<k
c(α, β)
∫
Z
yβg(y)dy,
the function Ag is a linear combination of a finite set of L2 functions {xα : |α| < k} so that, having
finite-dimensional range, the operator A has by definition finite rank [15].
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Lemma 5. Suppose f is analytic on Z with
f(x, y) =
∞∑
|α|+|β|=1
c(α, β)xαyβ , x, y ∈ Z,
i.e., no constant term, and consider a sparse graph regime Zi = ρnWi where Wi
i.i.d.∼ FW and the
positive scalar sequence ρn → 0. Assume that ρn = o(n−2/k), for some k ∈ N, and that
fk(x, y) :=
∑
1≤|α|+|β|<k
c(α, β)xαyβ ∈ [0, 1].
A latent position model with kernel f is asymptotically indistinguishable from one with (finite rank)
kernel fk.
Proof. The graph adjacency matrix A can be coupled with another random matrix A(k) ∈ {0, 1}n×n
so that
P(Aij 6= A(k)ij | Zi, Zj) = |f(Zi, Zj)− fk(Zi, Zj)|,
and A(k) marginally follows a latent position model with kernel fk. Therefore,
P(Aij 6= A(k)ij ) = E|f(Zi, Zj)− fk(Zi, Zj)|,
and
P(A 6= A(k)) ≤ n2E|f(Zi, Zj)− fk(Zi, Zj)|
= n2E
∣∣∣∣ ∞∑
|α|+|β|=k
c(α, β)Zαi Z
β
j
∣∣∣∣
≤ n2
∣∣∣∣ ∞∑
|α|+|β|=k
ρ|α|+|β|n
∣∣∣∣ E∣∣∣∣ ∞∑
|α|+|β|=k
c(α, β)Wαi W
β
j
∣∣∣∣
= n2
(2dρn)
k
1− 2dρnE|f(Wi,Wj)− fk(Wi,Wj)|,
which, by the boundedness of f and fk, tends to zero when n2ρkn → 0. Therefore A is asymptotically
indistinguishable from a graph with finite kernel rank.
Limitations of existing infinite rank results
Under a graphon model (d = 1, Z = [0, 1], FZ = uniform[0, 1]) with suitably growing D, [33] proves
consistency of Xˆ1, . . . , Xˆn, in the orthogonal Wasserstein distance
d(FˆX , FX) = inf
ν
inf
W
E‖WXˆ −X‖2,
where FˆX is the empirical distribution of Xˆ1, . . . , Xˆn, the pair Xˆ,X are jointly distributed as
ν chosen among all distributions with respective marginals FˆX and FX (the distribution of X
induced by FZ under the map φ), and finally W is some orthogonal transformation satisfying
[Wg,Wh] = [g, h] for all g, h ∈ L2([0, 1]) (for the indefinite inner product given in Section 3).
While an extension to the d-dimensional case is conceivable, this line of analysis is complicated
in the present context by two issues. First, the group of transformations leaving [·, ·] invariant
comprises non-orthogonal elements and can be restricted, in the graphon case, only because of
the canonical choice FZ = uniform[0, 1] (a uniform probability measure not being available in Rd).
Distance-distorting transformations must be expected in general, as they are in the finite rank case
(the matrices Q, Q˜ ∈ O(p, q) in main text, Section 4). Second, the Wasserstein consistency criterion
allows unboundedly high error in unboundedly high numbers of nodes, provided their proportion
vanishes, and this may break subsequent statistical analyses of the sort proposed here.
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Figure 4: Graph regression. Different regression techniques are compared, with their achieved mean
square error in brackets, on a 100-dimensional spectral embedding. The graph follows a latent
position network model on R with kernel f(x, y) = exp(−2xy), and the embedding is therefore
concentrated about a one-dimensional manifold, shown in Figure 1a). The responses follow a linear
model Yi = a+ bZi + i. Further details in main text.
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Figure 5: Principal component analysis (first two components) of the spectrally embedded graph
connecting roughly 16,000 users, 10,000 computers and 4,000 processes on the Los Alamos National
Laboratory computer network, independently obtained over seven consecutive days. Compared to
Figure 2 this approach, which does not exploit known manifold structure, gives a less detailed view
of the data.
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a) Sociability kernel
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Figure 6: Kernel density ridge sets (red) as estimates of the underlying manifold (blue), for
embeddings of simulated graphs described in Section 2 and also shown in Figure 1.
15
